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A NEW CHARACTERIZATION OE KAC MOODY MALCEV 

SUPERALGEBRAS 

S. AZAM 


Abstract. In the past two decades there has been a great attention to Lie (su¬ 
per) algebras which are extensions of afhne Kac-Moody Lie (super)algebras, in cer¬ 
tain typical or axiomatic approaches. These Lie (super)algebras have been mostly 
studied under variations of the name ’’extended affine Lie (super)algebras”. We 
show that certain classes of Malcev (super) algebras also can be put in this frame¬ 
work. This in particular allows to provide new examples of Malcev (super)algebras 
which extend the known Kac-Moody Malcev (super)algebras. 


0. Introduction 

In 1990, two mathematical physicists, Hpegh-Krohn and Torresani |H-KT) . intro¬ 
duced a class of Lie algebras in an axiomatic approach. This new class generalizes the 
class of finite dimensional irreducible simple Lie algebras and affine Kac-Moody Lie 
algebras. Since then, this class and its certain extensions have been under intensive 
investigation, mostly, under the variations of the name extended affine Lie algebras 
(for a detailed account see [AABCP] and [Nehp . Recently, this axiomatic approach 
has been extended to a superversion by M. Yousofzadeh [Youlj . introducing the class 
of extended affine Lie superalgebras, which covers extended affine Lie algebras, basic 
classical Lie superalgebras as well as affine Kac-Moody Lie superalgebras. 

In the Lie algebra case, an extended affine Lie algebra over a filed F of characteristic 
zero consists of three main ingredients, a Lie algebra £, an abelian subalgebra TL which 
with respect to C has a root space decomposition with root system say R, and a 
symmetric non-degenerate invariant bilinear form (•,•) whose restriction to R. is also 
non-degenerate. These three ingredients are related via two axioms; for each non-zero 
root a, there exist ia-root vectors x±a with 0 ^ XaX-a S R, and that; the root 
vectors which are non-isotropic with respect to the form act locally nilpotently. The 
axioms for an extended affine Lie superalgebra are a superversion of these axioms. 

The goal of this note is two folded. First, to show that by considering the above 
axioms in a general setting of algebras (see Definition 11.31) . not necessarily Lie (su- 
per)algebras, one can treat more classes of algebras including certain subclasses of 
Malcev (super)algebras in this setting. In this framework, we produce new examples of 
mostly infinite dimensional non-Lie Malcev (super) algebras which generalize the class of 
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affine Kac-Moody Malcev (super)algebras. Our second goal is to give a new prospective 
to the axioms of extended affine Lie (super)algebras. People familiar with the descrip¬ 
tion of root systems of extended affine Lie (super) algebras (see |AABGP] . |You2) ') know 
that these root systems enjoy certain built in ’’finiteness” condition, namely the form 
restricted to the root system takes only a finite number of values. We recognize this 
from the beginning in our axioms (see axiom (E2) in Definition 11.31) . This setting in 
particular allows to treat uniformly more interesting algebras related to the theory. 

1. Set up 

Let i? be a finite integral domain. For b G B, o(6) denotes the order of b in the 
abelian group {B,+). Let A = (BbesAb be a B-graded algebra. For a homogeneous 
element x we denote its degree by |a;|. Throughout this work, all elements of graded 
spaces are taken to be homogeneous. The algebra A is called B-commutative if xy = 
(_l)o(kl|y|)y 2 . fQj. A bilinear form (•, •) : A x A —>■ F is called invariant if 

{xy,z) = {x,yz) for all x,y,z, it is called B-symmetric if (x, y) = —(—cc) 
for all x,y, and is called B-graded if {Ab,Ab') = {0} unless b + b' = 0. If B = Z 2 , the 
terms i?-commutative, B-symmetric and B-graded, will be called supercommutative, 
supersymmetric and even, respectively. We denote the dual space of a vector space V 
by V*. To indicate that a remark or example is concluded we use the symbol 0. 

From now on we assume that A is a B-commutative graded algebra with homoge¬ 
neous spaces Ab, b G B. 

Definition 1.1. Let A be an algebra and H a nonzero subalgebra of An- For a G %* 
set A°‘ := {x G A \ hx = a{h)x for all h G %}. We say that (A, B) is a toral pair if 

= 0aeW A°‘ and A^A^ C In this case B is called a toral subalgebra. The set 
B := {a G B* I ^ 0} is called the root system of {A,'H). Note that since B C Aq, 
for each a G TL* we have A°‘ is B-graded, as a vector space, with A'^ = Aa nM^ bGB. 
For b G B,we set Rb := {a G R \ yf {0}}. A toral pair {A, B) is called B-quadratic 
if it is equipped with a a B-symmetric, B-graded invariant form. 

The following fact is worth mentioning in our general setting. 

Lemma 1.2. Toral subalgebras are abelian, in the sense that all products are trivial. 

Proof. Let B be a toral subalgebra of A. Since B C Aq, hh' = —h'h for all h, h' G TL, 
or equivalently h? = Q for all h. We are done if we show that ior h = J2a ha, ha G 
ha = 0 for all a ^ 0. Let h' = J2a h'a G TL he arbitrary. We have 

hh' = ^ a{h)h'^ = — ^ a{h')ha. 

<y <y 

Thus a{h)h'^ = —a{h')ha for all a. This forces a{h')ha = 0 if /iq, 0. Since h' is 
arbitrary, we get a = 0 if ha y^ 0. □ 

Definition 1.3. Let {A, TL) be a B-quadratic toral pair with corresponding root system 
R and bilinear form (•,•). Then we call {A,TL) a B-extended algebra if the following 
two axioms hold: 
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(El) for b G B and a G i?6\{0}, there exists a pair x±a G with 0 ^ XaX-a G 

(E2) (3{xaX-a) varies in a finite set for all a,P G R and all pairs x±a G A^°‘ with 
{,Xa 5 ^—a) — 1 ■ 

The -B-extended algebra {AtR) is called a B-extended affine algebra if 

(E3) the form (•, •) is nondegenerate on A and on H. 

If "P is a homogenous variety of algebras, then a B-extended (affine) algebra (^, R) 
is called a B-extended V-algebra if A belongs to V. If B is the trivial grading or B 
is understood from the context, then we drop B form the terminology. For example, 
with this terminology, a Lie (super)algebra A satisfying (E1)-(E3) is called an extended 
affine Lie (super)algebra. 

Notation. Following [Stul Definition 1.3], we call a pair x±a as in (El) a test-pair. 
We also call a test-pair x±a a block test-pair if {xa,X-a) = 1- In extended affine Lie 
(super)algebras block test-pairs are responsible for the existence of sl 2 (F)-blocks in the 
Lie case and osp(l, 2)-blocks in Lie super case. The main structural features of the cores 
of Lie (super)algebras are essentially deduced from the block test-pairs. With these 
terminologies, extended algebras are quadratic toral pairs for which corresponding to 
each non-zero root there exists a test-pair, and roots take finite values on all block 
test-pairs. 

For people familiar with the class of affine Lie (super)algebras and its generalizations, 
axioms (El) and (E3) looks quite natural. In part (ii) of the remark [L4l below, we 
discuss axiom (E2) and show that when the form on A restricted to R is non-degenerate, 
this axiom can be replaced with a more natural and simpler expression (see Remark 
[Hii)). 

Remark 1.4. Let [A.R) be a B-quadratic extended algebra with root system R and 
bilinear form (•,•). Consider the map 

ly-.R^R*, h^{h,-). 

If V is one to one, we transfer the form on R to ^{R) by 

(1.5) (a,/3) := (ta, t/ 3 ) where ta := J^~^(q:), aGv{R). 

We have now the following four remarks. 

(i) By definition, the form (•, •) is symmetric on Ao and so on B. Assume the form 
(•, •) restricted to R is nondegenerate, then the map n is injective and so we can transfer 
it to I'iR) by (11.51) . Now for any test-pair x±a, a G v{R)^ and h G R we have, 

{h,XaX-a) = {hXajX-a) = a{h){Xa , X-a) ■ 

Therefore, as the (•, •) is nondegenerate on B, we get XaX-a = {xa,x-a)ta- In partic¬ 
ular, if a 7 ^ 0, then {xa,X-a) yf 0. Therefore if (El) holds, the non-degeneracy of the 
form on B implies that R C v{R). 

(ii) Assume the form on B is non-degenerate. Let a, /3 G B and x±p be a block 
test-pair. We have from part (i) that a{xi 3 X-p) = aitg) = {a, (3). Therefore, under 
the nondegeneracy of the form on B, the axiom (E2) is equivalent to 

(E2)' the set {(a,/3) | a,/? G B} is finite. 
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In particular, in the definition of a i?-extended affine algebra, (E2) can be replaced 
with (E2)'. 

(iii) Assume {A^TL) satisfies (E1)-(E3). Since the form is invariant and i?-graded, 

and hx = —hx for h G "H, x £ A, it follows that (^“, = {0} unless a + j3 = Q 

and 6 + 6' = 0. In particular, the form restricted to a G %*, 6 G S, is 

nondegenerate, and Rt = —Rb for each b £ B. 

(iv) People familiar with affine Lie algebras and their extensions, such as extended 

affine Lie (super)algebras, realize that the axiom (E2) (or (E2')), is a replacement for 
the usual ad-nilpotency axiom which states that for a £ R with (a, a) ^ 0, the elements 
in AA are locally nilpotent. In the presence of the Jacobi (super)identity the algebra 
A is J^*-graded and so this axiom implies further consequences such as boundedness of 
root strings. However, one knows that in general non-associative algebras (toral pairs) 
such as Malcev (super)algebras, the algebra A is not in general 'H*-graded (see Remark 
I3.4f iill. This gives a justification that our axiom (E2) (or (E2')) is more natural in the 
context of general non-associative algebras. {> 

Example 1.6. (i) One knows that simple finite dimensional Lie algebras, affine Lie 
algebras and their various generalizations such as extended affine Lie (super) algebras as 
well as invariant affine reflection algebras are examples of H-extended affine algebras, 
where B is the trivial grading in the Lie algebra case and the Z 2 -grading in the Lie 
super case. 

(ii) Locally finite split Lie algebras ([NS]) with integrable roots are examples of 
extended affine algebras. 

(iv) Let G be a torsion free abelian group and A be a Lie G-torus in the sense of 
[Yoslj of |Yos2j . By [Yosll Theorem 7.1], A admits a non-zero symmetric invariant 
form. From this, the involved irreducible finite root system, and the division property 
it follows that a Lie G-torus is an extended Lie algebra. The same is through if one 
replace the involved finite root system with an irreducible locally finite root system. 0 

Definition 1.7. For a H-quadratic toral pair (A, Tt) denote by Ac the subalgebra 
generated by root spaces A“, a £ R^ where 

R^ := {a £ R \ a{xpx-p) ^ 0 for some test-pair x±p £ A"^^} 

is the set of non-isotropic roots of R. If the form (•, •) is non-degenerate on R then as 
Remark HH shows, we have R^ = {a G i? | {a,R) ^ {0}}- We call Ac, the core of A, 
and we set Re Ac- 

Proposition 1.8. Let {A,R) he an extended affine Lie superalgebra, with Cartan 
subalgebra R and root system R. Then (Ac,Rc) is an extended superalgebra. 

Proof. One can easily see that Ac is an ideal of A with Ac = J2ae'H‘ 

Rc ■= RCi Ac and for a £ (Re)*, let := {x £ Ac \ hx = a{h)x for all h £ Rc}- 
Then Ac = SaeCHc)* and for a £ [Rc)*, Ac ='ffA^ A Ac where sum runs over 
all /3 G i? with j3 = a restricted to Rc- Moreover Af-Af, C Af.. Thus {Ac,Rc) is a 
quadratic toral pair. Let Rc be the root system of R and 0 a £ {Rc)b, b £ B = Z 2 . 
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Then there exists £ R such that 13 = a on Re and {0} Ac Ac C\ A^ fl Ah- 

Then 0 P £ Rt- We have 

nc = nr\AcQ A°r\Ac= ^ A'>A-'^ c ^ wt^. 

Therefore, since P{Rc) = ct{Rc) 7 ^ {0}, there exists j £ R with P{t^) = (/ 3 , 7 ) 7 ^ 0. In 
particular P £ R^. 

Since 0 7 ^ /3 € i?b, we have from (El) that there exists a test-pair x±p £ A^^. Since 
P £ R^ , we have x±p £ Af^ and xpx-p £ Re- Thus (El) holds for {Ac,Rc)- 

Next, we show that (E 2 ) holds for {Ac,Rc)- Let a £ Rc and x±a be a block test- 
pair. Then as we have seen, Xa = ^-a = where P runs over the 

subset Ra of R consisting of roots whose restriction to Rc coincide with a. Since 
XaX-a £ Rc ^ A'^, and the form is 'H*-graded, we have XaX-a = X]/ 3 eR„ x’^xZ.'p and 
1 = {xa,x-a) = ^ bluce AQ. ^ {0}, there exists t £ R 

which restricted to Rc coincides with 7 . Then 

'y(xaX-a)= (^?’2;I^)(t,/3). 

fiGRa P^Ra 3&Ra 

Now from this and the facts that 1 {(r,/3) | /3 € i?} is finite, it 

follows that (E2) holds for {Ac,Rc)- Thus {Ac,Rc) is an extended superalgebra. □ 

2. Affine construction 

Let A be a i?-commutative algebra equipped with a B-symmetric B-graded invariant 
bilinear form. Let G be a non-trivial torsion free abelian group and X : G x G ^ 
a 2-cocycle satisfying A(cr, r) = A(r, ct) for all cr, r, and A(0, 0) = 1. Let F*[G] be 
the commutative associative torus associated with the pair (G, A) (see |AYY[ §1.4]). 
One knows that as a vector space F*[G] has a F-basis {G \ a £ G} with algebra 
multiplication given by GR = X(a,T)R~^'^, a,T £ G. Consider the tensor algebra 

£(A) := A®F‘[G]. 

Then £(A) is a i?-graded algebra with £(A)b = Ab <E> F*[G] for b £ B. 

The form on A can be extended to a form on £{A) by 

{x®R,y ®R) := (a;,y)A((T,r)(5cr.-r■ 

It can be easily checked that £[A) is a S-commutative algebra, the extended form 
is i?-symmetric on £{A), and that the form (•,•) is non-degenerate on £{A) if it is 
non-degenerated on A. 

Identify G with G 0 1 in G ®z F. Let 

V := G 0z IF- 

We may consider V* as a subspace of derivation algebra Der£(A) of £{A) by 
d{x ® R) = d{a)x ® R, [d £ V*, a £ G). 

Let 

£{A) ■.= £{A) ®V and £(A) := A 0 F‘[G] © V 0 VL 
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Then both these algebras are i?-graded with 

£(^)o = (^0 ® F*[G]) © V and C{A)b = Ah'S) F*[G], for 6 7 ^ 0, 

£(^)o = (A©F*[G])©V©V* and = A ©F‘[G], for 6 7 ^ 0. 

We then turn C{A) and C[A) into algebras by assuming that V is central, V*V* = {0}, 
and that for x,y € A, a,T € G and d G V*, 

{x © t'^){y ® r) := X{a,T)(xy © + da-T{x,y)a), 

d ■ {x ®G) = —{x ■ d := d{x © G). 

The form on C{A) can be extended to a bilinear form on both C{A) and C{A) by 
(V, C{A) © V) = iy*,L(A) © V*) = {0} and (d, a) = d{a) for d G V* and cr G V. 

For X = x®G ,Y = y , x,y € A and a,T € G, we have 

XY = X{a,T)(xy+ {x,y)Sa-TO-)) 

and 

{X,Y) = Xia,T)yy)S^,.r = X{a,T){yx) = -(-l)“(l^ll^l)(yA). 

It follows that both C{A) and C{A) are S-commutative and the extended form is 
i3-symmetric. 

Assume further that A has a subalgebra % such that {A, H) is a toral pair with root 
system R. Set ?d := A © 1 ) © V C C{A)o and Td := (?^ © 1 ) © V © V* C £(Ao- We 
identify 'H* with 7d* © V* and id* by dd* ® V* ® (V*)*. We also identify V as a subspace 
of (V*)* in the natural way. For a G TL* define £(A“ in th® usual manner. Then we 
get C{A) = J2a^R ^(-^)“ with R = R + G and for a € R, a G G, t{A)°‘^'^ = A © 
if a + cr 7 ^ 0 and C{Af = A © 1 © V © VA We also have C{Aft{Af C AA © 1 C 
A © 1 C C[A)^. Thus {C{A),'H) is a quadratic toral pair. Similarly, we see that 
(„4,7d) is a id-quadratic toral pair with root system id, where £(A“ = A ©F*[G] if 
0 7 ^ a G id and C{Af = A © F‘[G] © V. 

The following result extends the realization of untwisted affine Kac-Moody Lie al¬ 
gebras to a much broader setting (compare with [AHYl §7]). 

Proposition 2 . 1 . Consider the B-commutative algebra A and assume that (A., id) is 
a B-quadratic toral pair with root system id and the bilinear form (•,•). Let G be a 
non-trivial torsion free abelian group and A:GxG—>F^ a symmetric quadratic map. 

(i) The pairs (£(„4),7d) and (£(Al),id) are quadratic toral pairs with root systems 
id and R = R G, respectively. Moreover, if the form on A, respectively % is non¬ 
degenerate, then so is the extended form on C{A), respectively TL. 

(ii) Suppose {A,TL) is a B-extended algebra. Then 

(a) {L{A),%) is a B-extended algebra, in particular if {A, Ti) is an extended affine 
algebra then so is {C{A),TL). 

(b) If Aq = TL and form is non-degenerate on A, then {C{A),TL) is a B-extended 
algebra. In this case if (A, id) is a B extended affine algebra, then so is {C{A),TL). 
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Proof, (i) The details is given in the paragraph preceding the proposition. 

(ii) Assume that (E1)-(E2) hold for (A.,H), Aq = Tl and that the form restricted 
to is non-degenerate. We show that (E1)-(E2) hold for {jC{A),'H). Let b G B and 
a G Rb \ {0}. Since Rb = Rt + G, we have a = a + cr foi- some a G Rb and a G G. We 
divide the argument in two cases a = 0 and a ^ 0. Assume first that 0 = 0 (forcing 
a ^ 0). Since a = 0 G Rb, Ab ^ 0. Since the form in non-degenerate on and B- 
graded, there exist x± G A'^b {x+,x-) ^ 0. Now x±(Sit^'^ G C{A)^ = AP^b®'^^'^■ 
Then since A^A^ C A^, we have 

X ■= {x+®t'^){x-= \{a,—a)x+X-®l + \{(J,—a){x+,X-)a 

G (.4°.4° n A) ® 1 ® V 
c (.4°nA)®i®v 
= -Hoievc-H. 

But X ^ 0 as {x^,x-) ^ 0 and di{a) ^ 0 for at least one G I x G. Next, 

assume that a ^0. By (EAl), there exists x± G A^^ such that 0 ^ x+x- G H. Then 
x± 0 G t{A)^b 

(x+ 0 t'^)(x- 0 t~'^) = A((t, —a)x+x- 0 1 -I- A(cr, —a)(x-,x+)a, 

which is a non-zero element of % as required. Thus (El) holds for {C{A),'H). 

Next, we show that (E2) holds. Let a,j3 G R, b G B, and x±a G C[A)'^ be a block 
test-pair. Since >C(Al)g = AIq © V © V* = H © V © V*, we have XaX-a = 0. So to 
check (E2), we may assume that {a, b) ^ (0,0). In this case x±a = x±a 0for some 
a G R, a GV. Now lei P = P + t G R, with (3 G R, t gV Q (V*)*. Then 

P{XaX-a) = (/3 + T){XaX-a 0 l)A(cr, -(t) = j3{XaX-a)\{(T, -a). 

Since 1 = {Xa,X-a) = (xa,x_a)A(tT, —ct) and (E2) holds for {A,'H), we see that (E2) 
holds for C{A), that is {C{A),'H) is a B-extended algebra. 

Next, we show that {C{A),'H) satisfies (E1)-(E2). Assume first that 0 ^ a G Rb, 
b G B. Since (El) holds for A, there exists a test-pair x± G A^. Then x± 0 1 is a 
test-pair in £(aI)^, and so (El) holds. Next let a G i? and that x± G C{A)^°‘ be a 
block test-pair. Then x+ = ^ 0 (mod V) and x+ = ^ ■ x!_^ 0 R* (mod V), for 
some x!|_^ G and ai,Ti G G. Since ^- ■ x^^xP^ 0 G H 0 1 (mod V), we may 

assume x± = x!|_„ (mod V) where x!|_„ G A^°‘, UiS are distinct elements of G 

a-iid Si/j x^xL^ = 0 . Set X± := x±a S A^°‘. Then 0 ^ W+X_ = Yl,i XaX'^-a ^ di 
and so the pair X± is a test-pair in (A,, B). Moreover, 

{X+,X_) = ^(x^,x!_„) = ^(x^,xi„)(5„,,_,^^ = (x+,x_) = 1. 

i i,3 

Now for any (3 G R, /3(x+x_) = (3{X+X- 0 1 -j- cr) = /3(X+X_) for some cr G V. Thus 
(E2) holds for C{A) as it holds for A. 

Finally, as we have already seen if the form on A is non-degenerate, then is so on 
C{A), C{A). Similarly if the form on R is non-degenerate, then it is also non-degenerate 
on %. This completes the proof of (ii). □ 


8 


S. AZAM 


3. Extended Malcev (super)algebras 

In this section, we first review some basic facts about Malcev (super) algebras and 
then use our affine construction given is Section[2]to produce new examples of extended 
non-Lie Malcev (super)algebras. Our method in part gives a new characterization to 
the known inhnite dimensional super-Kac-Moody Malcev algebras (see |CRTj and [D])- 
The Malcev algebras (or Moufang-Lie algebras) were first introduced by A. I. Malcev 
in 1955 [Mai] as an algebra satisfying identities 

=0 


and 

(3.1) J{x,y,xz) = J{x,y,z)x 
for all x,y,z in A, where 

J{x, y, z) := {xy)z A {zx)y -b {yz)x 

is the Jacobian of x,y,z. The identity m is called the Malcev identity which can be 
written in the form 

(3.2) {{xy)z)x + {{yz)x)x + {{zx)x)y = {xy)[xz). 

If the characteristic of the field is not equal to 2, which is in our case, one can see 
after some linearizations that in an anticommutative algebra the Malcev identity is 
equivalent to the Sagle identity 

{{xy)z)t + {{tx)y)z + {{zt)x)y + {{yz)t)x = {xz){yt). 

The Sagle identity is linear in each variable and is invariant under cyclic permutation 
of its variables. 

Clearly any Lie algebra is a Malcev algebra. A binary Lie algebra is an algebra such 
that any of two elements of which generate a Lie subalgebra. A binary Lie algebra is 
given by the system of identities 

= J{xy,x,y) = 0. 

Therefore, any Malcev algebra is a binary Lie algebra as 

J{xy, x,y) = J{y, X, yx) = J{y, x, x)y = 0. 

The class of Malcev algebras can be regarded as a class between Lie algebras and 
binary Lie algebras. Any alternative algebra A turns into a Malcev algebra A~ with 
the commutator product as its algebra structure. The algebra A~ of a Cayley-Dickson 
algebra A is a Malcev algebra which is not a Lie algebra. While this is known by PBW 
theorem that any Lie algebra is a subalgebra of A~ for some associative algebra, it is 
an open problem whether or not any Malcev algebra is a subalgebra of A~ for some 
alternative algebra A. 

In the same way that Lie algebras appear as algebraic models for Lie groups, Malcev 
algebras are the algebraic structures associated with analytic ^^Moufang loops''. More 
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precisely, the tangent space Te(G) of a Moufang loop G at identity, equipped with 
anti-commutative multiplication, is a Malcev algebra. 

For a Z 2 -graded superalgebra A, the superjacobian is defined by 

J{x, y, z) := + {—l)'^’^'^'^'^\zx)y + {—l)'^'^^^^\yz)x. 

Then a Malcev superalgebras is a superalgebra satisfying the superversion of the 
identities dSI]) for homogenous elements, namely 

xy =and J{x,y,xz) = J{x,y, z)x. 

In terms of a superversion of the Sagle identity, a Malcev superalgebra is a superalgebra 
satisfying 


xy = —(— 

(3-3) (-l)l2'll^l(xz)(?/t) = i{xy)z)t + (-l)l^l(l?^l+l^l+l‘l)(( 2 / 2 )t)a; 

+ (_l)(l^l+|y|)(ld+|t|)((^i)a:)y + (-l)l*l(l^l+lyl+ld)((te)y)2 

for homogenous elements. 

Remark 3.4. (i) The term “extended algebras” is used in the literature in another 
contexts too. In fact an algebra satisfying the identities 

(3.5) xy =—yx and J{x,y,xy) = 0, 

is called an extended algebra by A. A. Sagle |Sa2j . Lie algebras and Malcev algebras 
are subclasses of extended algebras. Over an algebraically closed field of characteristic 
zero, a simple finite dimensional extended algebra (in the sense of Sagle) is a simple 
Lie algebra or the simple seven dimensional Malcev algebra if and only if the trace 
form, {x, y) := tvaceRxRy is a non-degenerate invariant form, where R^ is the right 
multiplication by x (see |Sa2| L 

(ii) Let {A,R) be a toral pair, where A satisfies the identities (13.51) . Then as in 
[SiS] . one can prove that 

(3.6) A^^A^ C 

Moreover, if for each a 0 we have AaAa C Ap, for example if A is a Malcev 

algebra, then we have 

A“A“ C + A-“. 


0 
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Example 3.7. (A non-Lie example.) Consider the seven dimensional algebra A with 
basis ei,..., 67 and product given by the table 



61 

62 

63 

64 

^5 

66 

67 

ei 

0 

262 

263 

2 64 

— 265 

— 266 

—2e7 

62 

(N 

1 

0 

2e7 

— 266 

61 

0 

0 

63 

— 263 

— 2 ej 

0 

265 

0 

61 

0 

64 

—2e4 

266 

— 265 

0 

0 

0 

61 

65 

265 

-61 

0 

0 

0 

—2e4 

263 

66 

266 

0 

-61 

0 

2e4 

0 

—2e2 

67 

2e7 

0 

0 

-61 

— 263 

2e2 

0 


Taking H := Fei, we see that {A, 'H) is an extended afhne algebra with R = {0, ±a} C 
R* where a(ei) = 2. In fact A°' = Fe 2 © Fca © Fe 4 and A~°' = Fes © Fee © Fey. The 
algebra A is equipped with the invariant nondegenerate bilinear form given by 


((ei,ej)) 


/ 1 0 
0 0 
0 0 
0 0 
0 1 
0 0 
V 0 0 


0 0 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 


0 0 \ 
0 0 
1 0 
0 1 
0 0 
0 0 
0 0 / 


This is the basic example of a non-Lie Malcev algebra obtained from minus algebra of 
trace zero elements in an octonion algebra (see |Sall Example 3.2]). We see here that, 
unlike the Lie case, we have C A.““. As this example shows Malcev toral pairs 

{A.T-L) are not in general "H^-graded, see Remark l^^ ii). (> 


Let G be a non-trivial torsion free abelian group and A:GxG—^-F^ a symmetric 
quadratic map. According to Proposition 13.81 if (M, H) is a B-extended algebra then 
{C{A),'H) is also a R-extended algebra, in particular if {A^'H) is an extended affine 
algebra then so is (£(M),H). Moreover, if Mq = H and the form is non-degenerate on 
A°, then {t{A),'H) is a R-extended algebra. In this case if (M, H) is a i? extended 
affine algebra, then so is {C{A),'H). In the following proposition we investigate under 
which circumstances the Malcev superstructure of A can be transferred to the affine 
constructions C{A) and t[A). 

Proposition 3.8. Let A be a Maleev superalgebra. Let G be a non-trivial torsion 
free abelian group and X : G x G ^ a symmetric quadratic map. Then C{A) is a 
Malcev superalgebra. Moreover, C{A) is a Malcev superalgehra if and only if A is a Lie 
superalgebra, in whieh case C{A) is a Lie superalgebra. 

Proof. We first consider C{A). Let x := x (Si R Vx dx, y ■= x <Si t^ Vy dy and 
z := ziSiG -\-Vz-\-dz be three arbitrary homogenous elements oi C{A), where x,?/,z € A, 
x,y,z € G, Vx,Vy,Vz S V = F © G and dx,dy,dz S V*. We note that, if for example 
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Vx ^ 0, or dx ^ 0, then |a;| = 0, as x is homogeneous. Then, using the facts that A is 
supercommutative and the form is even, a direct computation gives 

J(x, y, xz) = A + B + C, 

with 

A = X{x, y)X{x, z)X{x + y,x + z)J{x, y, xz) 0 
B = -X{x,y){X{x + y,x)dz{x)J{x,y,x) 

and 

c = 6 (g) t^+y+^, 

where 


b = adx{z){xy)zX{x,y)X{x+ y,z) 

+adx{y)yixz)X{x, z)Hx + z,y) 

-I3dx{x + z){xz)yX{x, z)X{x + z, y) 
+l3dx{,z){zx)yX{x, z)X{x + z, y) 
+ldx{z){yz)xX{y, z)X(y + z, x) 

-"fdxix + y + z)y{xz)X{x, z)X{x + z,y), 


and 

^ = (_l)|y|kd and 7 = 

Similarly, we get 

J(x,yA)x = A' + B' + C', 

with 

A' = X{x, y)X{x + y, z)X{x + y + z, x)J{x, y, z)x ® i^^+y+^ 

B' = X{x, y)X{x + y, z)X{x + y + z,x)ij {x, y, z),x)S 2 x+y+z,oid^ + y + z), 

and 

C' = 

where 


b' = -a'dx{x + y + z){xy)zX{x,y)X{x + y,z) 

+a'dx{y){yz)xX{y, z)X{y + z, x) 

-/3'dx{x + y + z){zx)yX{x, z)X{x + z, y) 

-P'dxiz){zy)xX{y, z)X{y + z, x) 

-^dxix + y + z){yz)xX{y, z)X{y + z, x) 

-I'dxijj + z){yz)xX{y, z)X{y + z, x) 

= -dx{x + y + z)((xy)z + (-l)l“ll"^l(za:)?/ + {yz)x)X{x, y)X{x + y, z). 


and 


a' = (-l)l=^lhl, p'= and 7'= 
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We note that if dx ^ 0, then |a;| = 0, in which case 
y{xz) = {xz)y = -{-l)\^\\^\{zx)y = -{zx)y. 

Therefore 

b = dx{z){xy)zX{x,y)X{x+ y,z) 

+l3dx{y){zx)yX{x, z)X{x + z, y) 

+Pdx{x + z){zx)yX{x, z)X{x + z, y) 

+l3dx{z){zx)yX{x, z)X{x + z, y) 

+dx{z){yz)xX{y, z)X{y + z, x) 

-(3dx{x + y + z){zx)yX{x, z)X{x + z, y) 

= dx{z){{xy)z + (-l)l"'ll^l(za;)y + {jjz)x)X{x, y)X{x + y, z) 

= dx{z)J{x,y,z)X{x,y)X{x + y,z). 

Similarly, we obtain 

b' = -dx{x + y + z){{xy)z + {-iy^^^^^{zx)y + {yz)x)X{x,y)X{x + y,z) 

= -dx{x + y + z)J{x, y, z)X{x, y)X{x + y, z). 

Now, we investigate under which circumstances, 

J{x,y,xz) = J{x,y,z)x, 
for all X, y, z. Since A is a 2-cocycle 

A(x, y)X{x, z)X{x + y,x + z) = X(x, y)X{x -I- y, z)A(x + y + z,x) 

and 

A(x, y)X{x + y,z) = A(x, z)A(x + z,y) = A(y, z)A(y -f z, x), 
for all x,y,z € G. Therefore J{x,y,xz) = J{x,y,z)x in C{A) for all x,y,z- Also 
J{x,y,x^) = ■A(x,y,z)x in C{A) if and only if 

(3.9) {J{x, y, z), x) = 0 for all x,y,z € A with |y| -|- |z| = 0. 

In particular, (13.91) holds in any anticommutative algebra. Also J(x, y, xz) = J(x, y, z)x 
in C{A) for all x, y, z, if and only if 

J{x,y,x) = 0 for all x, y G A, 

(3.10) J(x, y, z) = 0 for all x, y, z G Al with |x| = 0, 

(J(x, y, z), x) = 0 for all x, y, z G Al. 

Since J(x,y, z) is invariant under cyclic permutation, the second equality in (13.101) is 
equivalent to J(x, y, z) = 0 if one of x, y or z has degree zero. Now assume |x| = |y| = 

|z| = 1. From the first equality in (I3.10() . we have J(x -f z, y, x -I- z) = 0. This gives 
0 = J(x,y, z) -I- J(z,y,x) = 2J(x,y,z). Thus the conditions in (13.101) is equivalent to 
Al being a Lie (super)algebra. 

Finally if in the above computations, we treat as zero all terms containing an el¬ 
ement d G V*, if follows easily that C{A) is a Malcev (super)algebra if and only if 
(J(x,y, z),x) = 0 for all x,y,z. In particular, if Al is a Malcev (super)algebra then so 
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is C{A). It also follows from our computations that is a Malcev (super)algebra if 

and only if C{A) is a Malcev (super)algebra. □ 
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